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Abstract

In this paper, a simple numerical analytical method is proposed for simulating crack extension in a
particulate-reinforced composite material. The numerical method is based on finite element analysis with the
homogenization method, where crack extension is expressed using embedded cohesive elements. We first
present the formulation of the numerical model and verify the model’s validity by comparing the simulated
crack extension with the linear fracture mechanics. Next we simulate damage extension for a composite
reinforced with spherical particles. We consider the cracks in the particles and on particle-matrix interfaces.
The analytical results reveal the effect of crack extension on the macroscopic material properties of the
composite. The particle crack extends unstably and sharply decreases the tangent modulus of the material,
irrespective of the initial flaw size. In contrast, the interfacial crack invariably grows stably and decreases
the tangent modulus gradually.

© Koninklijke Brill NV, Leiden, 2011
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1. Introduction

Particulate reinforced composite materials are used in widely varying industrial
fields because of their outstanding processibility and fine material properties. How-
ever, as the load increases, damage occurs in the material. The damage includes the
cracks in the particles and on the particle—matrix interfaces. Such cracks degrade
material properties. Therefore, it is important to understand damage processes from
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the occurrence of the microscopic damage to the final catastrophic failure, and the
effects of damage on macroscopic material properties.

Traditionally, the material properties of particulate reinforced composite have
been analyzed using Eshelby’s equivalent inclusion method [1] in conjunction with
the Mori-Tanaka mean field concept [2]. However, traditional methods are not able
to assess damage such as particle cracking or the debonding of particles from the
matrix. Tohgo et al. [3-5] proposed an analytical method that combined the tradi-
tional method with a concept of the load carrying capacity of the damaged particle.
The capacity was calculated using FEA. The damage occurrence was judged by
the stress criteria. The method is simple and robust. Moreover, it can easily assess
the stochastic distribution of strength of the particles or the interface. However, the
method assumes that crack extension is always instantaneous; the crack extension
process is therefore neglected. We believe that the crack does not always extend
instantaneously because crack extension is affected by conditions such as loading
conditions and crack path location. Therefore, it is necessary to establish a method
with consideration of the crack extension process in particle-reinforced composite
materials.

Herein, we propose a novel numerical simulation method to simulate crack ex-
tension in a particle-reinforced composite material. The model is based on a homog-
enization method [6, 7]. A particle-reinforced composite material can be regarded
approximately as a periodic inhomogeneous material. Homogenization method is
an analytical method that enables us to obtain the equivalent homogenized mate-
rial properties merely by analyzing the response of the unit cell of inhomogeneity
to the unit strain. To consider crack extension, we introduced cohesive elements to
the homogenization method. It has been demonstrated that cohesive elements can
simulate the crack extension in the composites using an energy criterion, and that
the simulated crack extension is equivalent to linear fracture mechanics [8—12].

This paper is organized as follows. In Section 2, we formulate the analytical
method by combining the homogenization method, in which the unit cell contains
the cohesive zone. Next, in Section 3, we compare the crack extension calculated
using the proposed method to that calculated using linear fracture mechanics in
order to verify the validity of the proposed model. Finally, in Section 4, we perform
finite element analysis to simulate the crack extension in composites reinforced
with spherical particles. The simulation results reveal the relation between the crack
extension and the material properties.

2. Formulation
2.1. Cohesive Element

The cohesive zone model (CZM) assumes a cohesive zone around the crack tip,
where cohesive traction resists crack opening. Cohesive traction eliminates the
stress singularity around the crack tip. Moreover, it can express the crack extension
in an energy criterion by considering energy that is consumed by cohesive traction
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as a judgment factor. Let T and A denote the rate of the cohesive traction and the
rate of the crack opening. The velocity-shape virtual work principle is written as

fd:aédv+f T-aAdszf f-suds, (1)
% Scoh SI

where ¢ denotes the rate of Cauchy’s stress tensor, & denotes the strain rate ten-
Sofr, f denotes external force rate vector, and u denotes the displacement rate vector.
This paper describes formulation of small strain problems. The cohesive element is
an implementation of the cohesive zone model in the finite element analysis. Co-
hesive elements are embedded at interfaces of solid elements along a predefined
crack path. Cohesive traction is defined as a function of the relative displacement
(separation) between the solid elements. In this study, we adopted a Dugdale-type
traction-separation relation proposed by Okabe et al. [9, 11, 12]. In the Dugdale-
type cohesive element, separation was suppressed until the traction satisfied a con-
dition for transition of crack path into the cohesive zone. In this study, we used a
penalty spring for suppression of the separation and adopted the maximum traction
criterion for the condition for separation. When the tensile or the shear compo-
nent reached the threshold, the penalty spring was deleted. After the separation, the
Dugdale-type cohesive element generated constant cohesive traction independent
of the separation distance. Finally, the element was unloaded at one time when the
energy that was consumed by the element reached the fracture toughness (Fig. 1).
For the mixed mode crack extension, we employed an elliptic mode-mixture rule.
When the energy release rates in modes I, II and III are satisfied

GI>2 <GH>2 <GHI>2
o)y T ~1. @
(GIC Gre Ge

the traction was unloaded, where G1, G1r and Gy respectively denote modes I, 11
and III energy release rates, and G, G and Gy, respectively, denote the fracture
toughnesses in modes I, II and II1.

A
—
Gmax
Predefined crack path
Solid el t g
________________________________ 0lid elemen g Absorbed energy Unload
T £ ©)
Relative S
Traction (7) & \ \ k displacement (4) =
................................ : 4
Solid element Separation (4)

(a) (b)

Figure 1. Schematic of the cohesive element. (a) Schematic of a cohesive element. (b) Traction and
separation.
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Traction (T)

Y : Domain of the unit cell
QFf : Domain of the macroscale model |Y]: Volume of the unit cell
Scoh : Cohesive zone

- i Microscale
acroscale (Unit cell)

Figure 2. Macroscopic analytical domain Q¢ and microscopic analytical domain (unit cell) Y. The
unit cell contains a crack and cohesive zone.

2.2. Homogenization Method

Consider a macroscopic domain Q€ that includes microscopic periodic inhomo-
geneity. Let Y denote the unit cell of inhomogeneity. Unit cell ¥ contains cracks
and a cohesive zone (Fig. 2). Let € denote the scale parameter between the macro-
scopic domain and the unit cell, which is calculated as shown below:

€= I 3)
In the equation, L and /, respectively, represent characteristic lengths of the macro-
scopic domain and the unit cell. We use a coordinate system O-—xjx>x3 for the
macroscopic domain €¢; we use another coordinate system O'—yj y;y3 for the mi-
croscopic domain Y. The x1, x and x3 axes and the y;, y» and y3 axes respectively
have the same directions. When components of an arbitrary small vector dx are
written as (dxp, dx», dx3) using the coordinate system O—xx2x3, they can also be
written as

1 1 1

using the coordinate system O'—y; y,ys.
When the body force is negligible, the velocity-shape equilibrium is
o
Yo, &)
0x;
where ¢ denotes the stress rate tensor. The stress rate tensor can also be written
as a bivariable function ¢ which has two vector arguments: x and y. Using the
bivariable function ¢, we can rewrite the equilibrium as

adl'j 1 aéij

=0. 6
8x,~ € ayi ( )
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Because the macroscopic domain contains numerous unit cells, we consider the
limit of the equilibrium equation (6) as € approaches to zero. Consideration of the
limit separates the equilibrium into two scale equilibria:

aé'ij
—0 7
ox; @)
and
96
2% . (8)
dyi

We assume that the displacement rate u can be expressed by the summation
of macroscopic component u’ and microscopic disturbing component eti!. The
macroscopic component u’ is uniform through the unit cell, but the microscopic
disturbance component eu! has unit-cell periodicity. When we consider the limit of
€ — 0, the strain rate & is obtained as

= 8L.t?Jrab.l(’)' +1 8u"lJraﬂ} ©)
=2 \oxy T an ) T 2\ay, Ty )

The first term on the right-hand side means the macroscopic strain rate; it is denoted
by E. The constructive equation between the stress rate and the strain rate is written
as

Oij = Cijki€kis (10)
where c;j1; denotes the elasticity tensor.
Consideration of the unit-cell integration of dot product of equation (8) with an

arbitrary virtual displacement rate vector u! which has unit cell periodicity gives
as

8 . ] :
Y yl

Applying the Gauss theorem and partial integration for equation (11) with consid-

eration of the symmetry in ¢;z; and the uniformity of macroscopic strain rate tensor
through the unit cell, we obtain the following:

/ 3} afm}d , aaa}d il dr
Ciiki—— Y=—Ek1/C"kl— Y+/ o;iidu;n;
¥ ty ayl ayl ¥ L S r, tj Jit

Vi

+ / C'T,‘jSI;t}-n,' dr. (12)
T
Therein, I'y represents the boundary of the unit cell, and I'; denotes the crack sur-
face and cohesive zone. Applying Cauchy’s formula deletes the second term on the
right-hand side because the neighboring unit cells are in mutual equilibrium. More-
over, applying Cauchy’s formula for the third term on the right-hand side reveals
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that the term is equal to the cohesive traction rate on the cohesive zone. Therefore,
we can rewrite equation (12) as shown below.

/ dii} B8t g _ 9%u . il 5
ikl —— Y:_Ekl/ Ciikl Y—/ T;8u;dS. (13)
Y lj ayl (Syl Y Y Syl Su)h / /

In fact, equation (13) is the microscale virtual work principle. We use a Dugdale-
type cohesive element: cohesive traction rate vector 7; = 0 through area Scon When
equation (2) is not satisfied in any cohesive element in the Scon. In such a case,
equation (13) can be rewritten as

/ ity 951 dy = —E / 93 dy (14)
ikl —— = — L] Cijkl—— .
v My oy y 8y

We can solve the problem by introducing characteristic displacement Xikl, which
connects the microscopic displacement rate and macroscopic strain rate as ull =
— Xl.kl Ej; because equation (14) has the same form as that in the conventional ho-

mogenization method. Characteristic displacement Xl.kl is calculable as

/ axy 95 Lay / oo} as)
= [ ciju :
LT 5y] y 7 8y;

Using characteristic displacement Xi , we can obtain macroscopic elasticity tensor
H
Cijn as

8 kl
H
Cljkl |Y| (Cl]kl Cijpg Q= 8y, >dY (16)

On the other hand, if any cohesive element in Sco satisfies equation (2), then
the boundary condition must be fixed because unloading must be instantaneous.
Therefore, macroscopic strain rate E x must be equal to zero, and equation (13) can
be rewritten as presented below:

) ag}caéujdy_ .
Cijn—% =— j8u} ds. (17)
Y l [ Scoh

In that equation, the right-hand side is the surface force rate. We can easily solve the
equation because equation (17) has the same form as that in the conventional finite
element analysis. Unloading affects the macroscopic stress. Variation of macro-
scopic stress S is calculable using the microscopic displacement rate ' as

-1
S[j=L/C”'kl%dY. (18)
oY)y 7 ow

The discussion presented above reveals that we can analyze the crack extension in
the particulate reinforced composites as follows. When equation (2) is not satisfied
in any cohesive element in S¢on, we solve equation (15) just as we do using the con-
ventional homogenization method. When equation (2) is satisfied in any cohesive
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element, we repeatedly solve equation (16), which is solvable just as conventional
finite element analysis is, with fixed macroscopic strain until equation (2) cannot be
satisfied in any element.

It is noteworthy that Matou§, Geubelle et al. also proposed a numerical model
[13, 14] based on the homogenization method and the cohesive zone model. How-
ever, we adopted Dugdale-type cohesive elements for the present model. Therefore
the simulations were more simple and stable; moreover, we can obtain the ho-
mogenized elastic tensor easily by solving equation (16), just as with conventional
homogenization analysis.

3. Model Verification

We verified the validity of the numerical method by comparing the numerical re-
sults with analytical results calculated using linear fracture mechanics because
our numerical method is quite novel. Figure 3 presents a schematic of the three-
dimensional finite element model, which represents a unit cell. The unit cell was
a cube consisting of the matrix and spherical reinforcement. The cube edge length
was 2.2 mm; the reinforcement diameter was 1.0 mm. The volume fraction of the
reinforcement was about 0.5%. We assumed, at the center of the model, a circular
crack path that was perpendicular to the x-axis. The path is shown as ‘crack path of
the inclusion crack’ in Fig. 3. We introduced a circular initial crack at the center of
the model. Four models were prepared, in which the respective radii of the initial
cracks were 0.050, 0.125, 0.250 and 0.375 mm. We applied uniform macroscopic
tensile stress along the x-axis and calculated the stress, which caused crack exten-
sion. For those calculations, the materials of the reinforcement and the matrix were
identical.

Material properties and parameters of cohesive elements used in the analysis are
presented in Table 1. When uniform tensile stress is applied at infinity to the circular

Crack path of interfacial crack Spherical reinforcement

/ | Matrix

(
x

1.0 mm

z y ' ﬁ mm
s | |

2.2 mm

Crack path of inclusion crack \

2
T
2.2 mm

Figure 3. Schematic of the 3D finite element model. The unit cell contains a spherical reinforcement.
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Table 1.
Properties of material and cohesive elements used for the simula-
tion performed for comparison with the linear fracture mechanics

(a) Material properties
Young’s modulus, E (GPa) 3.0
Poisson’s ratio, v 0.3

(b) Properties of cohesive elements

Mode I maximum traction, omax (MPa) 20.0
Mode II maximum traction, tmax (MPa) 40.0
Mode III maximum traction, Tmax (MPa) 40.0
Mode I fracture toughness, Gc (J/m?) 10.0
Mode II fracture toughness, Gyc (J/mz) 20.0
Mode III fracture toughness, Gyyc (J/m?) 20.0

25

— Theory
20 = Simulation results

Stress (MPa)

0 0.1 0.2 03 0.4
Crack radius a (mm)

Figure 4. Relation between the crack radius a and the stress causing crack extension.

crack, the radius of which is a, we obtain the stress causing crack extension opax
from linear fracture mechanics [15] as in the equation

n |G E
Omax = & ¢ s (19)
2 Ta

where Gi. denotes mode I fracture toughness. Figure 4 depicts the simulation re-
sults and the results of equation (19). Numerical simulation results agree well with
the analytical results. The causes of the subtle difference were the influence of the
cohesive zone and interference with neighboring cracks, which derived from the
periodic boundary condition.

The results demonstrate that the numerical model proposed in this paper can
express the equivalent crack extension with linear fracture mechanics.
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4. Damage Extension Simulation
4.1. Inclusion Crack

We conducted damage extension simulations for the dispersed composite material
reinforced by the spherical particle. We used the same finite element model as that
used in Section 3 (Fig. 3). It is noteworthy that the present model includes only one
spherical particle in a unit cell. Therefore, it is implicitly assumed that the particles
are regularly arranged and that the damage state is identical through all the particles
in the composite. We adopted the assumption to conduct a detailed investigation of
the damage evolution phenomenon. Using the unit cell containing more particles,
we can readily conduct more realistic simulations.

First, we simulated the extension of the inclusion crack. The circular crack path,
which was perpendicular to the x-axis, was assumed (as indicated by ‘crack path
of inclusion crack’ in Fig. 3). The circular initial crack was introduced at the center
of the model. We prepared three models for which the radii of initial cracks r were,
respectively, 0.050, 0.125 and 0.250 mm. Macroscopic stress was applied along the
x-axis, and inclusion crack extension was simulated.

Table 2 shows the material properties and the parameters of cohesive elements
used for the simulation. Irrespective of the radius of initial crack, the inclusion crack
extended unstably. The crack extended to the interface between the reinforcement
and matrix simultaneously with the beginning of the crack extension. Figure 5 por-
trays the stress distributions of the unit cell immediately before and immediately
after the crack extension. The stress state was almost identical through the crack
path except for the vicinity of the initial crack tip immediately before the crack ex-
tension occurred. Therefore, once the crack extension occurred, the crack extension
condition was satisfied continuously, and the crack extended unstably to the crack

Table 2.
Properties of materials and cohesive elements used in the damage
extension simulation

(a) Material properties

Young’s modulus of reinforcement, E, (GPa) 15.0
Poisson’s ratio of reinforcement, v, 0.17
Young’s modulus of matrix, E;, (GPa) 3.0
Poisson’s ratio of matrix, v, 0.3

(b) Properties of cohesive elements

Mode I maximum traction, omax (MPa) 20.0
Mode II maximum traction, Tmax (MPa) 40.0
Mode III maximum traction, Tmax (MPa) 40.0
Mode I fracture toughness, Gy (J/mz) 10.0
Mode II fracture toughness, Grjc (J/m?) 20.0

Mode III fracture toughness, Gyjc (J/mz) 20.0
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20
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T<:)’ + : Crack tip
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(a) &0.349 % (b) &0.349 %
(Before crack extension) (After crack extension)

Figure 5. Stress distribution in the unit cell of the inclusion crack model. The initial crack radius 7 is
0.125 mm. This figure is published in color in the online version.

20

—— Simulation results

........ Analytical results
15 r

10

Stress (MPa)

0 0.1 0.2 0.3 0.4 0.5 0.6
Strain (%)

Figure 6. Macroscopic stress—strain relations of the inclusion crack model. The initial crack radius r
is 0.125 mm.

path edge. Crack extension greatly decreased the stress carrying capability of the
reinforcement.

Figure 6 shows the simulated relation between the macroscopic stress and the
macroscopic strain for initial crack radius r of 0.125 mm. The crack extension
sharply reduced the macroscopic stress because the crack reduced the stress car-
rying the reinforcement. Figure 6 also presents a plot of the analytical results of
the method proposed by Tohgo and Cho [5], which combines Eshelby’s equivalent
inclusion method and the results of FEA. For the calculation, the strength of rein-
forcements was distributed as a Weibull distribution, where shape factor m was 20;
the average strength was equal to the average stress of the particle when crack exten-
sion occurred in our simulation. Our results agreed well with those obtained using
the method presented by Tohgo and Cho because the premise of their method agreed
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Figure 7. Relations between the macroscopic material properties and macroscopic tensile strain.
(@) Ex. (b) Ey. (c) Gxy. (d) Gy;.

well with the simulation results, in which the crack extended instantaneously when
the stress in the reinforcement reached the critical value (strength). The stress—strain
relation of the method described by Tohgo and Cho was smooth because the rein-
forcement strength was distributed according to the Weibull distribution.

Figure 7 presents the calculated macroscopic material properties as functions of
the x-direction component of the macroscopic strain. The normal tangent modulus
in the x-direction E, and the shear tangent modulus G, decreased sharply when
the crack extension occurred. However, the crack extension scarcely had an effect
on the normal tangent modulus in y-direction E and the shear tangent modulus
Gy, because the crack surface was perpendicular to the x-axis. The following is the
reason why the transitions of the properties were affected strongly by the initial flaw
size: the crack extended unstably. Therefore the properties changed greatly with the
occurrence of the crack extension. The larger initial flaw size decreased the strain
which caused the crack extension. Consequently, the transition of the properties
occurred at smaller strain when the initial flaw size was larger.
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4.2. Interfacial Crack

Next we conducted a crack extension simulation of the interfacial crack between the
reinforcement and the matrix. We used the same finite element mesh as that used
in Section 4.1. (Fig. 3). The material properties and the parameters of the cohesive
elements were also the same as those used in Section 4.1. (Table 2). The crack path
was introduced at the interface between the reinforcement and the matrix, which is
indicated by ‘crack path of interfacial crack’ in Fig. 3. The area of the crack path for
which the distance from x-axis was smaller than the critical value d was debonded
as the initial crack. We prepared three models in which d was, respectively, 0.086,
0.158 and 0.227 mm.

Simulation results revealed that the crack extended stably irrespective of the ini-
tial crack size. The simulated stress distributions in the unit cell are presented in
Fig. 8. The stress was larger near the x-axis; it became smaller as the distance from
the x-axis increased. Once the crack extension condition was satisfied at the crack
tip, the crack extended. However, after the crack extension, the stress around the
crack tip became less than that immediately before the crack extension. Therefore,
the crack extension condition was not satisfied continuously; the crack extended sta-
bly. Because the interfacial crack extended, the stress carrying of the reinforcement
decreased gradually.

Figure 9 depicts the macroscopic stress—strain relation for d of 0.158 mm. In
Fig. 9, the results calculated using the method presented by Tohgo and Cho [5] are
also shown. In their method, the shape factor m was 20, and the average strength
was equal to the average stress of reinforcement when crack extension started in
our simulation. The results of Tohgo and Cho presented strong nonlinear behavior
when the crack occurred. In our results, however, weak nonlinear behavior contin-
ued to a much higher strain because the premise of the method of Tohgo and Cho,
which assumed the crack occurred at the whole interface when the stress reached
the critical value, did not agree with our simulation results. The simulation results

9

30

20

V4
[y + : Crack tip

“ay

(a) &=0.35 % (b) £=0.50 %

Figure 8. Stress distribution in the unit cell of the interfacial crack model. The radius of initial crack
d is 0.158 mm. This figure is published in color in the online version.
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Figure 9. Macroscopic stress—strain relations of the interfacial crack model. The initial crack radius d
1s 0.158 mm.

demonstrated that it is important to consider the extension process of the crack
when we simulate the interfacial crack of the dispersed composite material.

Figure 10 presents the calculated macroscopic material properties as functions of
the x-direction component of macroscopic strain. As the strain increased, the tan-
gent moduli decreased in all directions. The normal tangent modulus in x-direction
E and the shear tangent modulus Gy, reduced sharply when the crack extension
started; their reduction rate decreased as the strain increased. In contrast, the normal
tangent modulus in y-direction Ey and the shear tangent modulus G, decreased
gradually when the crack extension started, but their reduction rate became greater
as the strain increased because the crack surface was perpendicular to the x-axis
when crack extension started, and the direction of the crack surface gradually ap-
proached the direction perpendicular to the y and z axes.

The following is the reason why the decreases of the material properties were
scarcely affected by the initial flaw size: the stress, which was greater near the x-
axis, lessened as the distance from the x-axis increased. Therefore when the initial
flaw size was smaller, the crack extension began at a smaller strain. When the initial
flaw size was larger, the crack extension began at larger strain. However, a smaller
initial crack began to extend at a smaller strain. In that case, the strain grew larger
concomitantly with the crack extension because the crack extended stably. When
the crack reached a certain size, the strain was almost equal to the strain that was
produced when the initial crack of the certain size began to extend. That is, the
crack size at a certain macroscopic strain was almost equal irrespective of the initial
crack size. Therefore, the degradation of the material properties did not depend on
the initial flaw size: it depended solely on the elastic energy state.

The discussion presented above indicates that the interfacial crack might extend
stably in actual composites. It is noteworthy that the results described above might
be affected by the crack extension criteria used for this study. The results of other
criteria are left as goals of future studies.
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Figure 10. Relation between macroscopic material properties and macroscopic tensile strain. (a) Ey.
(b) Ey. (c) Gxy. (d) Gy;.

5. Conclusion

This paper proposed a simple numerical analytical method for crack extension sim-
ulation in the dispersed composite material. The method was based on cohesive
elements and the homogenization method. We performed crack extension simula-
tions of the particle-reinforced composite using the proposed method.

1. Comparison between the simulation results obtained using the proposed method
and the results of linear fracture mechanics demonstrated that our method can
express the equivalent crack extension to that shown by the linear fracture me-
chanics.

2. Crack extension simulation in the particulate reinforced composite showed that
the inclusion crack extended unstably. The results validated the conventional
method, which relies on the assumption that the instantaneous evolution of the
crack by the stress criteria.
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. Crack extension simulation revealed that the interfacial crack between the re-
inforcement and the matrix extended stably. The results implied that interfacial
cracks might extend stably in actual composites. Therefore, it is necessary to
consider the crack extension process when we simulate the interfacial crack.
Moreover, decreases of the material properties did not depend on the initial
flaw size. However, the effect of the crack extension criteria on the simulation
results remains as a subject for future work.
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